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(N 

We consider a minimally eonpled massless scalar propagating in the background of NS5- 
branes in the presence of a 2-form RR electric field. The supergravity solution also called the 
(NS5,D1) bound state in the appropriate decoupling limit is the holographic dual of Open D- 
string (OD1) theory. Using this information, we compute the two-point function of the operators 
in OD1 theory which couples to the massless string states such as the dilaton. We will indicate 
how to obtain the absorption cross-section of a scalar on NS5-branes (i.e. Little String Theory 
(LST)) obtained earlier, from our results in the low-energy limit. 

X" 

1 Introduction 

It is well-known jlj from world- volume arguments that in six space-time dimensions there 
exist a series of new non-gravitational non-local theories which appear as particular de- 
coupling limits of type IIB or IIA NS5-branes in the presence of (p + l)-form RR electric 
gauge fields. As the world-volume theory decouples from the bulk, the corresponding^ 
(p + l)-form field strength attains a critical value and almost balances the tension of 
the Dp-branes living on the world-volume of NS5-branes. Thus these theories contain 
excitations which include fluctuating light open Dp-branes and are called ODp theories. 
The idea for the existence of such theories came from a series of S- and T-duality trans- 
formations of the underlying string theory starting from Non-Commutative Yang-Mills 



1 What we mean by 'corresponding' here is that the (p-f-l)-form gauge field in the supergravity solution 
becomes the (p + l)-form field-strength on the world- volume by gauge invariance. 
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(NCYM) theory [0, |3], [|, [5| in 3+1 dimensions. To be precise NCYM appears as a gen- 
eralization of the AdS/CFT correspondence || [jj on the world volume of D3-branes in 
the presence of a constant NSNS B field with space-space components By S-duality 
it has been argued that the strong coupling limit of NCYM theory does not give rise to 
a field theory, rather it gives a non-local theory called a Non- Commutative Open String 
(NCOS) theory in 3+1 dimensions || |9|. By applying T-duality on this 3+1 dimen- 
sional NCOS theory one obtains other NCOS theories in various dimensions [10|, where 
the 2-form field strength corresponding to the NSNS 2-form gauge field attains a critical 
value. S-duality on the six- dimensional NCOS theory then gives rise to six-dimensional 
OD1 theory, where now the 2-form field strength corresponding to the RR 2-form gauge 
field takes the critical value |l|, 11]. By applying T-duality again on the ODl-theory one 
obtains the series of six-dimensional theories called the ODp-theories |]T[ with coupling 
constant G 2 ^ and length scale yJa' cS . In this paper, we will mainly be interested in OD1 
theory, with coupling G 2 ^ and length scale \Jo! eS . 

Holographic dual descriptions of these various world volume theories are given by the 
corresponding bound state solutions (having sixteen super charges) of the supergravity 
equations of motion with appropriate decoupling limits. Thus the holographic dual of 
3+1 NCYM theory is the (D1,D3) bound state H, |l|, with the NCYM decoupling 
limit 0, |3], f|. Similarly (F,Dp) bound states |0| with NCOS decoupling limits are 
the holographic duals of NCOS theories in (p + 1) dimensions |H|. The holographic 
duals of ODp theories in six dimensions are given by the (NS5,Dp) bound state solutions 
II, [16|, [T7|, [1^] with ODp decoupling limits. Since we will be working with OD1 theory, 



we will consider only the (NS5,D1) bound state solution of type IIB string theory. 

Since ODp theories are defined on the world- volume of NS5 branes and it is not known 
how to quantize 5-branes, very little is known about the dynamics of such theories. So for 
example, we only know that OD1 theory has a coupling G 2 ,^ and length scale Ja' efi and 



(i) 

it must reduce to Little String Theory fl9|, |2l], |23[ at low energies where G 2 ^ — > 
and a' eS = fixed. So in the absence of our knowledge about the world volume dynamics, 
we will use its holographic description and try to gain some insight into this theory. 
The (NS5,D1) bound state solution and the associated OD1 decoupling limit have been 
obtained in [|T], [16], [TJ]. We study the propagation of a massless scalar minimally coupled 
to this background geometry. We note that the background geometry in the string frame 
becomes asymptotically flat, whereas in the near horizon limit it is given by the (NS5,D1) 
supergravity metric with the OD1 limit. Unlike in the D3 brane case, the dilaton is not 
a constant here and so we cannot trust the (NS5,D1) supergravity solution all the way 
through the energy u — > in the boundary theory and we have to use the S-dual solution 
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i.e. the (F,D5) supergravity solution [15j in the corresponding NCOS limit [[10]. However, 
the equation of motion and therefore the solution remains the same in terms of the dual 
variables. After finding the unique solution to the minimally coupled scalar, (p(k,u), we 
extract the two-point function of the operator O(k) in the boundary OD1 theory dual to 
the field p by the usual procedure [|4], p5 . To be exact, we identify in the spirit of the 
AdS/CFT correspondence 

I^J, J d 6 k V0 {k)O(k)^ _ e jS , sugra[v(fc,«)U=A] 

where on the r.h.s. S^ugra represents the on-shell supergravity action of the scalar ip(k, u) in 
the background geometry mentioned above. That is on imposing equation of motion, the 
scalar action gives a boundary term which has to be evaluated at the boundary u = A, 
where <p(k, u)\ u= \ — > y?o(^)> with proper renormalization. Since the l.h.s. represents 
the generating functional of the operator O(k) of the boundary theory, the two point 
function can be evaluated from S sugra by taking the functional derivative with respect 
to (fo(k) twice. We will evaluate the correlation function only in momentum space as 
the operators are always well defined in momentum space for a translationally invariant 
theory. But as we will see, because of the momentum dependent renormalization, it is 



not possible to obtain the correlator in position space unambiguously |26], |4[] which is 



indicative of the non-local nature of the boundary theory. We will also point out how in 
the low energy limit, our result reproduces the form of the absorption cross-section of a 
scalar on NS5-branes [27[ or Little String Theory (LST) as expected. 

The organization of this paper is as follows. In section 2, we give the holographic dual 
description of OD1 theory. The computations of the boundary action and the two-point 
function of operators in OD1 theory are given in section 3. Here we also mention how at 
low energy we reproduce the absorption cross-section of LST. In section 4 we present our 
conclusion. 



2 Holographic dual of OD1 theory 

As we mentioned in the introduction, the holographic dual description of OD1 theory is 
given by the (NS5,D1) supergravity solution in a particular low energy limit called the 
OD1 decoupling limit. The string-metric and the dilaton for the above bound state are 



given as follows [|17]] 
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ds 2 = H^H'^[H-\-(dx Q f + (dx 1 ) 2 )+H'- 1 J2(dx i ) 2 + dr 2 + r 2 dtt 



I] 

i=2 



2 For our purpose here we do not need the other fields which can be found in iTi 
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e = g a H* 



(2.1) 



In the above V is the radial coordinate transverse to the NS5-branes. The D-strings lie 
along the x 1 direction. Also, dfl^ = d6 2 + sin 2 6d(p\ + sin 2 6 sin 2 0i<i</> 2 is the line element 
of the unit sphere transverse to NS5-branes. g s = is the string coupling constant. The 
harmonic functions have the forms 

H = 1 + ^ 



H' = l + CO \t Q5 W 



where the charge Q$ and the angle cos ip are given as follows, 

Not 



Q 



5 



cos ip 



N 

cosib = . (2.3) 
lM 2 g 2 s + N 2 



with N, the number of NS5-branes and M, the number of D-strings per (27r) 4 a; /2 of four 
co-dimensional area of NS5-branes. The OD1 decoupling limit [jl], [16|, is obtained 
by defining a dimensionless scaling parameter e and taking cosip = e — > 0, keeping the 
following quantities fixed, 



«e ff =- «=— ^(i) = -. Qb = o/I b N (2.4) 
With these the harmonic functions in (2.2) take the forms, 

H - 1 



e 2 a 2 u 2 



H' = 4-2 ( 2 - 5 ) 
where h = 1 + a 2 u 2 , with a 2 = a' e ^/N and the metric and the dilaton reduce to 

ds 2 = a'h^ [-(dx ) 2 + (dx 1 ) 2 + h~ l ^(rfx 4 ) 2 + ^(du 2 + u 2 dn 2 3 )} 
r<2 
au 



(2.6) 



In the above yj a' eS is the length scale, u is the energy parameter and G 2 o( ^ is the coupling 
constant of OD1 theory. Note that even though u is fixed, it can be set to an arbitrarily 
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small or large values corresponding to the IR or UV limit of 0D1 theory. The fixed 
coordinates are defined as 



S: ' 1 = ^=x°'\ x 2 <-< 5 = —=x 2 - b (2.7) 



Eq.(2.6) represents the supergravity dual of ODI-theory. 

The supergravity description remains valid as long as the curvature measured in units 
of a' i.e. a'K = 1/(1 + a 2 u 2 )^N < 1 and the dilaton = G 2 o(l) /(au) < 1. This can be 
satisfied if N is large and au ^> GwiV ^° in the extreme IR region (u —* 0), we cannot 
trust the supergravity solution (2.6) and we have to use its S-dual version i.e. the (F,D5) 
bound state with the corresponding NCOS decoupling limit P5[ . But we will point out 
later that this will not change the results. 

We would like to mention that in the low-energy limit we would expect that the OD1 
theory would reduce to LST |IJ. However, this is not quite transparent from the OD1 
limit in (2.4) and the supergravity configuration (2.6). In fact, the ODl-limit looks quite 
different from the LST limit g s — > and a' = fixed on NS5-branes as has been also pointed 
out in refs.[16|, [I7J. The reason can be understood from the angle cosi/j given in (2.3). 
Notice here that since cosip = e — > 0, the number of D-strings is very large compared 
to the number of NS5-branes. Since D-strings dominate over NS5-branes, it is not clear 
how to obtain the NS5-brane world-volume theory only, in the OD1 limit. Even from the 
metric in (2.6), although in the low-energy limit h ~ 1, and we recover six dimensional 
Poincare invariant theory, it does not look like the holographic dual of LST, because the 
metric is multiplied with a' — > (instead of some fixed a'). A decoupling limit different 
from (2.4) which closely resembles the LST limit has been discussed in ||11|| . This limit has 
been referred to as the OBLST limit and from here it is easy to recover the holographic 
dual of LST in the low-energy limit. But this type of limit holds only for (NS5,D1) and 
(NS5,D2) and cannot be generalised for other (NS5,Dp) cases. This is the reason we work 
with the ODl-limit (2.4). 

The clue to recover LST from (2.6) is the fact that we have to take G 2 ^ — > with a' eS 
fixed. To see precisely how this can be achieved one should look closely at the angle given 
in (2.3). Notice that since cosip = e -> 0, it implies that N/Mg s = N/(MG 2 o{l) t) ~ e. So 
if G 2 ^ = fixed, then N/M ~ e 2 ; on the other hand, if G 2 ^ ~ e — >• 0, such that cos 
then both H and H' in (2.2) are the same and have the values H — H' — l/(a 2 e 2 u 2 ). 
Using this and u = r/(ea' eS ), it can be easily checked that (2.1) indeed reduces to the 
holographic dual of LST |29|. Note that in this case a' = a' cS = fixed. The parameter e is 
then defined by the relation u = r/(ea ; eS ). Thus we conclude that LST is the low-energy 



5 



limit of 0D1 theory. Since (5+1) dimensional NCOS theory is S-dual to 0D1 theory, the 
coupling constant and the length scale G 2 and Ja' eS of NCOS theory are related to those 



G a 



(i) 1 



F . So in order to recover LST from 



of OD1 theory by G 2 Q = l/G 2 o{1) and 
NCOS theory we should take G 2 Q — > oo and a' eR — > 0, such that G 2 a' eS = a' cS = fixed. One 
can check by a similar argument that LST can indeed be obtained in this limit. 

In the next section when we compute the correlator of OD1 theory we will point out 
how to obtain the absorption cross-section of a minimally coupled massless scalar on 



NS5-branes or LST obtained before [26, 27|, from our result in the low energy limit. 



3 Boundary action and the two point function of 
OD1 theory 

Here we consider the propagation of a minimally coupled massless scalar (p in the back- 
ground geometry of the (NS5,D1) bound state solution given in eq.(2.1) in the corre- 
sponding decoupling limit. The scalar ip> corresponds to the fluctuation of the dilaton (or 
it could be certain longitudinal components of the graviton). Setting all other fluctuations 
to zero, the action for the scalar can be written as, 

Ssu gra = / d w x^e~ 2 ^g^d^dM (3.1) 

We have written the action in the string frame. Using the background geometry given in 
(2.1) and assuming that (p is in the s-wave, the above action can be written as follows, 

Ssugra = 4(27r) !g 2a/4 / d&x J drr%d r ^>) 2 + HTTdtfd v <p + HWdupdjtp] (3.2) 

where in (3.2) we have performed the integration over the angular part yielding a factor 
f2 3 = 2tt 2 . The indices \i , v — 0, 1 and i, j = 2, . . . , 5. H and H' are harmonic functions 
given in (2.2). The equation of motion following from (3.2) is 

[^d r (r 3 d r ) + HrTd„d v + H'^d^ip = (3.3) 

In the ODl-decoupling limit (2.4), the above equation reduces to 

1 Nk 2 
[-d u (u 3 d u ) - - J- - k> 2 ]<p(u) = (3.4) 

where, 

<p(x*,r)=j k ™<p(u)<p (k) (3.5) 
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with /j, — 0, 1, . . . , 5 and k-x — X^ =0 k^ . Also in (3.4) we have defined k 2 = J2i=i kf — uo 2 

and k' 2 = a' cS EU~ k l 

The 'tilde' variables are the scaled variables and are related to the original variables 
as Cj = ^Ja' eS u, k\ = ^Ja' cS ki and kj = e^Ja' eS kj, for j = 2,..., 5. After defining the 
scaled variables this way, we will drop the 'tildes' for notational simplicity from now 
on. We recognize eq.(3.4) to be the equation for the modified Bessel function with two 
independent solutions given by 

<p(u) = u~ 1 I u (k'u) or u^ 1 K v (k'u) (3.6) 

where k! = \J~ki 2 and v 2 = 1 + Nk 2 , with I u and K v being the modified Bessel functions. 
From these the solution which will be chosen must be well behaved as u — > 0. So, the 
unique solution that is picked would be, 

<p(u) = u^I^k'u) (3.7) 

A word of caution is needed at this point. We have mentioned earlier that the (NS5,D1) 
supergravity solution may not be trustworthy at arbitrarily small values of the energy 
parameter, since it may violate the condition = G 2 ^/(au) <C 1. In that case one has 
to use the S-dual configuration i.e. (F,D5) solution with the corresponding NCOS limit. 
But one can check that this will lead to the same equation of motion giving the same 
solution as in the (NS5,D1) case. Now, using the following identity, 

I v {k'u) = e- wn/2 J u {ik'u) (3.8) 

where J u is the ordinary Bessel function, we obtain the following asymptotic behaviour 
of <p(u), 

m - -^r^e^ + e k ' u ] (3.9) 

for u — > oo. Note here that the coefficient of e~ k ' u in (3.9) is like the reflection coefficient 
for the scalar. However, we would like to point out that since k' does not include the 
time-like momenta, so this is not really the reflection coefficient. If on the other hand, 
we had set all the space-like momenta to zero, then the equation of motion (3.4) would 
reduce to 

[^d u (u 3 d u ) + ^Mu)=0 (3.10) 



The solution for this equation has the form 

^(u)=u- 1±VT ^ m ? (3.11) 
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So in this case there will be non-trivial absorption if 



1 1 / \ 

uj > —== or L) > ; (3.12) 

Vn ^ 



This is similar to the mass gap found for LST pq . 

Now in order to evaluate the two-point function, it has to be properly renormalised. 
We here adopt the technique used in |26|, |J for this purpose. Defining u = A (where A 
is the UV cutoff of the OD1 theory) as the boundary, we demand the following boundary 
condition for our solution (p(u), 

0(A) = -=L=-^e fc ' A as A^oo (3.13) 
V27rk' Aa 

This condition ensures that the solution remains finite in the interior as A — > oo. We are 
now in a position to evaluate the boundary action. Integrating by parts and using (3.3), 
we obtain from (3.2) 



a. 



off 



d 6 x / dud u {u 3 ipd u ip) (3.14) 



2(2vr)^ (1) 
Expanding y?(x M ) as 

ip{3?) = J d 6 ke ik - x Mk) (3.15) 
eq.(3.14) can be simplified to give 

Ssugra = Sr^ / d 6 kd 6 q6 G (k + q)<p Q {k)<p {q)F (3.16) 

G o(l) J 

The flux factor T is defined as 

T = <p(u)u 3 d u <p(u)] u u zS (3.17) 

Since ip falls off exponentially as u — > 0, we need to evaluate (3.17) for u = A (cut- 
off surface). Using (3.9) and (3.13) in (3.16), we obtain the supergravity action on the 
boundary as, 

Ssugra = ^ I d 6 k[dtv(A, k) - J-e"^)* + ...]^(k)^(-k) (3.18) 

G o(1) J 2tt 

The first term is divergent as A — > oo and should be subtracted away. By the 'dots' we 
indicate terms that vanish as A — > oo. So the two point function has the form 

(0(k)0(-p)) ~ 5\k - p) (3.19) 
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It is clear that if v is real i.e. if 1 + N(Y^ = i kf — u 2 ) > 0, then the correlation function 
is trivial in the sense that it becomes an analytic function of the momentum. On the 
other hand if we define [1 + N(J2i=i k 2 — w 2 )] 1//2 = — i//, for p, = real, then the correlation 
function is non-trivial and has the form, 



ad 



(0(k)0(-p)) ~ -^e-^5\k - p) (3.20) 



This is our result for the two-point function of an operator in the OD1 theory which 
couples to the massless scalar in supergravity. For small values of p, eq.(3.20) reduces to 

(0(k)0(-p)) ~ ^[N(u 2 -j^k 2 ) - lf 2 5\k-p) (3.21) 

ZLt o{1) »=1 

Note that even if there is no real absorption here (see eq.(3.9) and the remarks thereafter), 
we still get a non-trivial correlation function. 

Now we will show how the absorption cross-section of a scalar on the NS5-brane theory 
obtained before [E7L can be deduced in the low-momentum limit. Note that for low 
momentum we can rewrite the equation of motion (3.4) as, 

1 Nk 2 
[-Mv?d u ) - — - k 2 Mu) = (3.22) 

U A u 

The solution for this equation would be given as 

<p(u) = u- l I v (ku) (3.23) 
The asymptotic behaviour of this function is^ 

<p(u) -> J- 3 [ e - ku e- iiu+ 5> + e ku ] (3.24) 

V 27rfcM2 

Unlike in the case (3.9), k now includes the time-like momentum and the coefficient of 
e -ku j g ^ ru iy the reflection coefficient of a scalar. So if v is real then |i?| 2 = 1 and there 
is no absorption. In the absence of longitudinal momenta, the reflection coefficient would 
be given as 

\R\ 2 = e~ 2 ^ (3.25) 



where \x = y/Na'u 2 — 1. 

Therefore, the absorption cross-section would be proportional to 



a ~ (1 - e~ 2 ^) (3.26) 



3 For large u, we should not neglect 1 in both the harmonic functions H and H' in (2.2). Then it can 
be checked from (3.3) that the equation of motion has the form (3.22) even for large u. 



9 



This result was obtained in refs. [ 27[ p6|. We have thus recovered the absorption cross- 
section of a scalar on the NS5-brane or LST in the low-energy limit. Note that since it 
is the coefficient of e~ ku which determines the form of the correlation function and they 
have the same exponential form in both OD1 theory and NS5 brane theory, the correlation 
function will have the same structure in this case as in (3.20). But of course \i is different 
in this case and is given by fj, — [Na'(uj 2 — J2i=i k 2 ) — l] 1 ^ 2 with a' fixed, whereas for OD1 
theory fj, = [N(u 2 — J2i-i k 2 ) — l] 1 ^ 2 , where the scaled variables were defined before. 

It should be emphasized as noted in ref.|26|, |J that in order to get the cut-off inde- 
pendent correlation function we had to perform a momentum dependent renormalization. 
Because of this, it is not possible to Fourier transform the momentum-space correlation 
function to position space in an unambiguous manner. This is related to the non-local 
nature of the boundary theory in the UV. 

It is not difficult to generalize our result for the higher partial waves. The s-wave 
equation of motion (3.3), should be modified for the l-th partial waves as, 

i^d r {r%) + HrTdA + H'^d^ - = (3.27) 

In the ODl-decoupling limit (2.4), it reduces to 

r 1 . , , Nk 2 , /9 1(1 + 2), , s 
{-d u (u 3 d u ) k — ^^}ip(u) = 

Following the same technique as before we obtain the form of the two-point function as 

(0(k)0(-p)) ~ ^-e~^5\k - p) (3.28) 



where now, 



P=[N^ 2 -j:k 2 )-{l + l) 2 ^ (3.29) 



Note here that u and k^s are scaled variables as in eq.(3.21). This concludes our calcula- 
tion of two point function for the operators in OD1 theory which couple to the massless 
string states. 



4 Conclusion 

With very little knowledge at hand about the world-volume theory of NS5-brane in the 
presence of a near critical RR 2- form electric field, or OD1 theory, we have taken recourse 
to its holographic description to gain some insight into this theory. The (NS5,D1) bound 
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state solution of type IIB supergravity in a particular low energy limit called the OD1 
decoupling limit is the holographic description of OD1 theory. We have studied the 
propagation of a massless scalar minimally coupled to this background. We computed 
the boundary action and in the spirit of AdS/CFT correspondence we obtained the form 
of two point function of the operators in OD1 theory which couples to massless string 
states such as the dilaton. In order to get a finite correlation function, we had to perform 
a momentum dependent renormalization for the scalar ip and this is the reason we can 
not Fourier transform the momentum space correlation function into position space in an 
unambiguous way. This is a reflection of the fact that the boundary theory is non-local. 
We have also pointed out how to obtain the absorption cross-section of a scalar on NS5- 
branes from our results in the low energy limit. Finally, we have extended our results for 
the higher partial waves. 

In the case of coincident D3-branes, coupling this background to massive string states 
one can compute the correlation function of the operators in the Yang-Mills theory which 
couple to massive string modes. The position space correlation function then determines 
the anomalous dimensions of the operators in Yang-Mills theory pi, 25|]. For the case of 
(NS5,D1) background also, it is possible to couple it to massive string states. However, 
we have not been able to solve the corresponding equation of motion. In any case, since 
the boundary OD1 theory is non-local, it will not be possible to obtain the position space 
correlation function in an unambiguous way and hence the determination of the dimension 
of such an operator would also be ambiguous. 

We have not studied in this paper the structure of the correlation function for other 
ODp theories. For odd p, the corresponding holographic description would be given by the 
type IIB supergravity background in the appropriate decoupling limits. So, the correlation 
function in this case will have similar structure as found in this paper. However, for p 
= even, the holographic description would be given by type IIA supergravity background 
and for u — > 0, the appropriate description would be given by uplifting the solution to M- 
theory. It would be interesting to understand the structure of correlation function in this 
case which in the low energy limit should reproduce the form of the correlation function 
of LST obtained in ref.pSJ. It would also be interesting to understand the results of this 



paper from the world volume point of view along the line [31, 32 
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